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 A B S T R A C T 

In many industries, hydrodynamic journal bearings support the rotor 
in rotating machineries like large turbines, generators, compressors, 
gearboxes, etc. where load acts in both axial as well as radial direction. 
Conical journal bearings are more suitable in such applications where 
both radial and axial load acts on rotating parts. In conical 
hydrodynamic journal bearings, wear occurs due to continuous use of 
rotating parts and frequent start-stop activity. The objective of this 
work is to analyze the wear influence on conical hydrodynamic journal 
bearing. To achieve this, both experimental and analytical methods are 
used in this work. Analytically, Reynold’s equation with spherical 
coordinate system is solved using Finite Element Analysis (FEA) 
method. In experimental method, Hydraulic oil of Viscosity Grade ISO 
VG46 is used in Conical Hydrodynamic Journal Bearing (CHJB) test rig 
along with 10⁰, 20⁰ and 30⁰ semi-cone angle bearings. The 
experimental outcomes are in good compliance with that of analytical.  
The result shows that unworn bearing performance is better compared 
to worn bearing. The results will be helpful to anticipate the actual 
behavior of worn conical hydrodynamic journal bearing wherever it is 
used like in case of blood flow pump, large turbine, etc. 
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1. INTRODUCTION 
 
In a machine, bearing supports rotating parts 
and permits relative motion of rotating parts. 
Conical Hydrodynamic Journal Bearing (CHJB) 
supports both axial load as well as radial load. 
The clearance in-between journal and bearing 
(tribo-pair) is easily adjustable on assembly 
therefore CHJB is used in precise machineries 
like lathes, milling machine, grinders, etc. The 

performance of CHJB is based on different 
parameters like speed, load, lubricants, load 
direction, pressure, temperature, clearance 
ratio, wear, misalignment eccentricity ratio, 
etc. The bearing runs several cycles in its life 
span and exposed to numerous start-stop 
(fitful) operations. The bearing bush gradually 
wear out because of rubbing (abrasive wear) 
during these provisional fitful periods. The 
wear results in alteration of bearing geometry 
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and causes severe damage to machine parts. In 
CHJB, it becomes crucial to predict abrasive wear 
effect due to start-stop operations precisely, in 
order that the designer can be able to make 
changes during design process.  
 
For analyzing pressure distribution at various 
condition of bearing, Reynold’s differential 
equation of fluid-film journal bearing is still used. 
Dowson [1] derived the most satisfactory 
generalized Reynold’s equation for fluid 
lubrication. Ferron et al. [2] studied thermo-
hydrodynamic effect of journal bearing 
theoretically and experimentally. Hannon et al. 
[3,4] used spherical coordinate system and further 
developed Dowson’s equation. The equation 
considers curvature effect which was neglected 
previously. To anticipate the bearing performance, 
Mansoor et al. [5] simulated three-dimensional 
model of journal bearing using various parameter 
like load carrying capacity, wall shear stress, static 
pressure, etc. Recently, Dang et al. [6] studied 
circular journal bearing considering static-
thermal performance of TiO2 and CuO based nano-
lubricants and observed that nano-lubricants 
increases load carrying capacity.  
 
A detail review on available literature shows that 
importance has been given to the studies related 
cylindrical journal bearings whereas work 
related to conical journal bearing is conducted by 
limited researchers like Kim et al. [7] calculated 
Fluid Dynamic Bearings (FDBs) characteristics of 
bearing for different shapes like spherical, 
cylindrical, and conical by finite element method. 
Hang et al. [8] studied conical journal bearing of 
hybrid nature, compensated along flat capillary 
restrictors, and used finite element method to get 
dynamic performance. Sharma et al. [9,10] 
studied hydrostatic/hybrid conical journal 
bearing considering static and dynamic 
performance analysis and used FEM based 
analytical method in spherical coordinate system. 
Khakse et al. [11] used finite element analysis to 
compare the performance of orifice and capillary 
compensated non-recess hole-entry 
hybrid/hydrostatic conical bearing. The results 
showed that, non-recess orifice compensated 
conical bearing gives better performance than 
the capillary compensated restrictor.  
 
The literature available on conical journal 
bearing is limited and considers mainly 
hydrostatic/hybrid conical journal bearing 

whereas very few researchers worked on 
hydrodynamic conical journal bearing. Korneev 
[12] studied CHJB for static characteristics and 
showed that the speed and relative radial 
eccentricity affects bearing load sustaining 
capacity. Sumikura et al. [13,14] used 
hydrodynamic conical bearings and developed 
axial flow blood pump with levitated enclosed 
impeller. Hence, conical hydrodynamic journal 
bearing (CHJB) area have wide scope for 
analysis and experimentation. The present work 
is related to CHJB and uses spherical coordinate 
system to describe various parameters. 
 
In case of machineries, various parts are 
subjected to relative motion during working 
condition. Due to continuous use of machineries 
such machine parts are always subjected to 
wear. Wear has predominant impact on the fluid 
film journal bearing performance since bearing 
and journal (tribo-pair) have relative motion 
during working condition. The impact of wear 
on cylindrical journal bearings is considered by 
various researchers. Redcliff et al. [15] 
investigated effects of inertia, compressibility 
and turbulence in the fluid film of hydrostatic 
cylindrical journal bearings by analytical and 
experimental method. The bearing was used in 
engine turbo-pumps of cryogenic rocket. 
Scharrer et al. [16] used hydrostatic orifice 
compensated cylindrical bearing with a worn 
stator and solved Reynold’s equation for liquid 
hydrogen as lubricant. It is noticed that, as wear 
extends, the performance of the bearing 
decreases steadily irrespective of geometrical 
location of the wear. Awasthi et al. [17] and 
Rajsekhar et al. [18] used finite element analysis 
to investigate the impact of wear on the function 
of non-recessed hybrid cylindrical journal 
bearing. Nikolakopoulos et al. [19] considered 
wear effect on hydrodynamic cylindrical journal 
bearing by varying various parameters like wear 
depths, high eccentricities, and angular 
misalignment and concluded that friction 
coefficient improves with enlargement in wear 
depth, misalignment and Sommerfeld number. 
 
In case of journal bearing, the wear may cause 
due to abrasion, erosion, corrosion, adhesion, 
surface fatigue, etc. The abrasive wear may take 
place due to variation in stress, frequent start-
stop of operation, surface finish, hardness, etc. 
The abrasive wear due to frequent start/stop 
operations in machine elements results in wear 
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of components having relative motion. The 
abrasive wear effect due to frequent start-stop 
is considered in the present work. Dufrane et al. 
[20] analyzed the wear effect on steam turbine 
cylindrical journal bearings and found that, the 
symmetrical wear occurs at the bottom of the 
surface on account of frequent start/stop 
(fitful) in bearings. The experimental results 
show that due to change in geometry, at low-
speed, small amount of wear may boost 
lubrication. Bouyer et al. [21] experimented on 
plain cylindrical journal bearing and measured 
bearing torque by varying pressure during 
start-up. The results showed frictional 
coefficient variation with respect to specific 
pressure, surface roughness, oil supply 
temperature, material of bearing. Ronen et 
al. [22] considered cylindrical hydrodynamic 
bearings and investigated the wear mechanism 
considering contaminant abrasive particles in 
the oil. It was observed that, the 
circumferential liner wear distribution 
depends on the shaft-to-liner hardness ratio. 
The relative magnitude of shaft wear and liner 
wear were also affected by shaft-to-liner 
hardness ratio. Fillon et al. [23] studied a worn 
plain cylindrical journal bearing for thermo-
hydrodynamic effect. The observations show 
that, wear in bearing not only give drawbacks 
but also give some advantages. Bouyer et al. 
[24] proved that thermos-hydrodynamic 
performance of cylindrical journal bearing 
increases due to wear defect. 
 
The available literature shows that wear effect 
is considered in case of cylindrical journal 
bearing but only few researchers worked on 
conical journal bearing with wear impact. 
Recently, in the field of hydrostatic/hybrid 
conical journal bearing, Phalle at al. [25] studied 
worn hybrid conical multi-recess journal 
bearing with 2-lobe and evaluated the behavior 
using different flow control devices, such as 
membrane restrictors, constant flow valve, 
capillary, and orifice. The results show that 
bearing performance considerably depends on 
wear depth. Phalle et al. [26] also analytically 
studied wear influence on hybrid journal 
bearing performance having 2-lobe four-pocket 
system and membrane compensated. Pawar et 
al. [27] studied wear effect on conical hybrid 
hole entry constant flow valve type journal 
bearing and concluded that fluid film thickness 
changes because of wear.  

The available literature indicates the 
significance of wear on bearing performance. 
The literature is available for wear influence on 
cylindrical hydrodynamic/hydrostatic/hybrid 
journal bearing. Only few researchers worked 
on conical hydrostatic/hybrid journal bearing 
considering wear impact such as Pawar et al. 
[28] applied finite element method to solve the 
Reynolds equation governing the flow of 
lubricant along with the restrictor flow 
equations. It is found out that, the bearing 
eccentricity is increased with increment in wear 
depth further journal tends to slide into wear 
zone i.e., into footprint created by wear.  
 
To the best of authors’ knowledge, considering 
available literature, the work is not available for 
wear effect on hydrodynamic conical journal 
bearing. To fill this gap in literature, the current 
work considers the performance of 
hydrodynamic conical journal bearing with wear 
effect. The abrasive type of wear because of 
frequent start and stop operation, is considered 
in the current work. The spherical coordinate 
system is used to describe various parameters. 
To predict the bearing life and performance, it is 
must to consider the wear effect during design 
phase of bearing. The bearing performance is 
carried out analytically by using finite element 
analysis method whereas test rig of conical 
hydrodynamic journal bearing is used for 
experimentation purpose. The results are 
obtained for different semi-cone angles of 
bearing by varying the eccentricity ratio. The 
following sections give the performance of 
WCHJB in the form of maximum pressure 
developed, minimum fluid film thickness, 
stiffness coefficients and damping coefficients 
with respect to variation in eccentricity ratio.  
 
 
2. ANALYSIS 
 
Conical hydrodynamic journal bearing is as 
shown in Figure 1. The bearing geometry changes 
because of wear influence and is shown in Figure 
2. In the current work, the results are obtained by 
using modified Reynold’s equation considering 
wear influence. The solution of simultaneous 
equations gives pressure at different points in the 
clearance space of tribo-pair (bearing and 
journal). After obtaining the pressure 
distribution, the static and dynamic performance 
of bearing is carried out. 
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Fig. 1. Conical hydrodynamic journal bearing. 

 

 
Fig. 2. Conical hydrodynamic journal bearing with wear. 
 
Singh et al. [29] presented the three dimensional 
Reynolds equation related to fluid flow in the 
tribo-pair clearance and is considered in 
subsequent sections. In the current work, journal 
bearing geometry with abrasive wear model 
based on Dufrane et al. [20] is used.  
 
The bearing geometry is changed because of 
wear, and it is accounted while using Newton 
Raphson method and FEM for solution. In 
current work, the damping and stiffness 
coefficient gives the dynamic performance of 
CHJB when the journal is deviates from static 
equilibrium position. 
 
The Reynold’s partial differential equation 
governs the pressure variation in the tribo-pair 
clearance space. In spherical coordinate 
system, the modified Reynolds equation is 
expressed as [9,10]: 
 
1

𝑟
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(
𝑟
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ℎ3
𝜕𝑝
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2
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𝜕ℎ
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(1) 

Where, ω, μ, r, p, h and γ, represent journal 
circular speed, lubricants viscosity, the journal 
radius, fluid pressure, fluid film thickness and 
semi-cone angle respectively. The governing 
equation used by Sharma et al. [9,10], Gamal 
[30], Bassani et al. [31] considered spherical 
coordinate system along with γ values of non-
zero nature. The Equation (1) has been derived 
in spherical coordinate system for CHJB (α = ϕ; 
azimuthal angle, β = r; radial distance, and γ = 
γ; polar angle). The Equation (1) can be 
converted into non-dimensional form by 
considering below parameters. 
  

�̅� =
𝑝

𝑝𝑠
 ;  𝛽 = 𝑟 sin𝛾 𝑅𝐽; ⁄   ℎ =   

ℎ
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2 ] ;  

  
α=  ø (angle in radian), represents coordinate 
parameter in non-dimensional form. 
 
The Reynolds equation in non-dimensional form 
for tribo-pair clearance space, considering 
laminar flow, iso-viscous, in-compressible fluid, 
is expressed as: 
 

  
𝜕
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Ω

2

𝜕ℎ̅

𝜕𝛼
+ 𝛽

𝜕ℎ̅

𝜕𝑡̅
 

(2) 

 
In CHJB, (h/L); (h/Rj) <<< 1, because mean 
radius of journal (Rj) and bearing length (L) are 
comparatively very large than fluid film 
thickness (h). Therefore, bearing performance 
without curvature effect is considered and 
rotational velocity of journal has been 
considered as linear velocity.  
 
2.1 Finite element formulation 
 
The fluid field in the clearance space between 
tribo-pair may be divided i.e., discretised into 
number of small parts. These small parts are 
called elements. The element shows all the 
basic parametric characteristics of fluid. Each 
element is connected to neighbouring elements 
with the help of points called nodes. The node 
gives the value of various parameters. The 
nodes are also used to calculate unknown 
parameters of element. For same flow field, 



Dinesh H. Kamble et al., Tribology in Industry Vol. 44, No. 3 (2022) 407-423 

 

 411 

more the number of elements or nodes, more is 
the accuracy, but more lengthy calculations are 
required to solve the governing equation. The 
consideration of number of node or element is 
based on level of accuracy required for work. 
The FEM is used in the present study because of 

its diversity and flexibility as an analytical tool 
for dealing fluid film journal bearing problems. 
The flow field between tribo-pair clearance 
space is discretized in 48 iso-parametric 
elements with 60 nodes for finite element 
analysis as shown in Figure 3. 

 

 
Fig. 3. FEA model of CHJB surface development. 

 

Each element is given a number and is shown at 
the centre of element. In computational domain, 
the corresponding corner node numbers also 
represent the elements. This model is preferred 
as it is simple and feasible for finite element 
formulation. The results are converging with the 
given model [9,10].  
 
The Lagrangian interpolation function is used at 
various nodal points for pressure calculation, by 
incorporating boundary conditions: 
 

𝑝 =∑Nipi

4

𝑖=1

 (3) 

 
Where, Nj represents shape function for iso-
parametric element with linear interpolation. 
These shape function (Nj) may be represented in 
local coordinates (𝜉, 𝜂) as shown below: 
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Hence, 
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𝑒

= [𝑁1, 𝑁2 , 𝑁3, 𝑁4] 

{
 
 

 
 
𝑝1
𝑝2
𝑝3
𝑝4}
 
 

 
 

 (4) 

 

 
The typical matrix form of element equation is 
given in Eq. (5) where the value of p is taken from 
Eq. (2). To minimize the residue, Galerkin’s 
technique with orthogonality condition and 
interpolation function is considered for the 
equation. 
 

[𝐹]
𝑒
 {𝑃}

𝑒
=  Ω {𝑅𝐻}

𝑒
+ {𝑄}

𝑒
 + �̇�𝐽 {𝑅𝑥𝐽}

𝑒

+ 

�̇�𝐽 {𝑅𝑧𝐽}
𝑒

                                                         

(5) 

 

The equation is obtained for each element. The 
assembly of all element stiffness matrix results 
into the global stiffness matrix. The global 
stiffness matrix is given in Equation (6): 
 

[𝐹] {𝑃} = Ω {𝑅𝐻} + {𝑄} + �̇�𝐽�̇�𝐽  {𝑅𝑍𝐽} + 

�̇�𝐽  {𝑅𝑍𝐽} 
(6) 
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In above equation, assembled Fluidity Matrix = 
[�̅�], Nodal Flow Vector = {�̅�}, Column Vectors 
because of hydrodynamic terms = {�̅�𝐻}, Nodal 
pressure Vector = {�̅�}, and right hand side vectors 
in global form because of journal center linear 

velocities = {�̅�𝑋𝐽} , {�̅�𝑍𝐽}.  

 
The nodal point total pressure (for jth node) in the 
flow field, is expressed as follows: 
 

�̅�𝑗 = �̅�𝑗(𝑋𝐽 , 𝑍𝐽, �̇�𝐽, �̇�𝐽 ) (7) 

 
Where, pressure (�̅�𝑗) is function of velocity 

condition ( �̇�𝐽, �̇�𝐽 ) and journal steady-state 

position (𝑋𝐽 , 𝑍𝐽). Consider steady-state condition 

at initial position, so initial velocity �̇�𝐽 = 0 = �̇�𝐽 , 

then pressure condition at initial flow field is 
given below: 
 

�̅�𝑗 = �̅�𝑗(𝑋𝐽 , 𝑍𝐽) =  �̅�𝑜 

 
Where, P̅o is steady-state nodal pressure. To 
calculate the nodal pressure, Eq. (6) is modified 
with required boundary conditions and linearized 
perturbation method is used to solve it.  

 
2.2 Fluid film thickness (h̅) 
 
The thickness of lubricant film across the space of 
tribo-pair is known as fluid film thickness(ℎ̅) and in 
running condition it separates the journal and 
bearing to avoid contact. The fluid-film thickness 
(ℎ̅) is function of circumferential coordinate (𝛼) 
and axial coordinate (β) as shown in Figure (2). The 
expression of fluid film thickness (ℎ̅𝑚𝑖𝑛) has been 
modified by considering misalignment parameters, 
like Eulerian angles with first rotation (�̅�) around 
bearing’s fixed 𝑋-axis and the second rotation (�̅�) 
around journal’s fixed  𝑌′-axis. The non-dimension 
fluid film thickness form is used for conical bearing 
is given in equation (8). It assumes tribo-pair 
surfaces as rigid and without journal misalignment 
in the bearing. Moreover, there is uniform axial and 
azimuthal clearance. The geometry of the fluid film 
impacts on fluid-film thickness [30,31] and it 
depends on the journal center coordinates 𝑋𝐽 

and 𝑍𝐽 . The Equation (8) gives fluid film thickness 

in non-dimensional form as follows. 
 

ℎ = (1 − 𝑋𝐽 cos 𝛼 − 𝑍𝐽  𝑠𝑖𝑛𝛼) cos𝛶 (8) 

2.3 Dufrane’s wear model 
 
Dufrane et al. [20] inspected worn steam 
turbine hydrodynamic journal bearings during 
overhaul period in order to determine the level 
and nature of wear influence on bearing. Two 
types of wear models were considered in the 
study as shown in Figure 4.  
 

 
Fig. 4. Dufrane’s wear model for journal bearing. 

 
In first model, it was considered that, the 
journal imprinting itself into the bearing in the 
form of wear. The second model was presumed 
abrasive wear model where the radius of wear 
arc was larger than journal radius. The wear 
zone of bearing is affected by abrasion and 
slight lateral motion of journal in the bearing 
and bearing at the bottom, wear out beyond the 
footprint region. Based on this, the second wear 
model is more realistic and experimental 
results also proved the same. It was observed 
that, the wear created at the bottom of the 
bearing was symmetrical around axis of 
bearing and uniform wear pattern was 
observed in axial direction. Bearing with wear 
pattern in detail is shown in Figure 5. In present 
work, the second model of Dufrane et al. is 
considered for abrasive wear effect on CHJB 
because of frequent start-stop. 
 



Dinesh H. Kamble et al., Tribology in Industry Vol. 44, No. 3 (2022) 407-423 

 

 413 

 
Fig. 5. Wear influence on conical hydrodynamic 

journal bearing in two dimensions. 
 
Considering the conical shape of bearing, the 
diameter changes in the axial direction and hence 
wear arc length will not remain uniform in the 
direction of length. Therefore, the middle cross 
section of conical bearing is considered for the 
wear analysis along the circumferential direction. 
The wear patten on conical hydrodynamic 
bearing is as shown in Figure 6. 

 
Fig. 6. Conical hydrodynamic journal bearing with 
wear zone. 
 

To consider the worn-out bearing analysis for 
the flow of Newtonian lubricant, the 
generalized Reynolds equation is modified for 
wear model on a similar approach as used by 
Dufrane et al. The bush geometry change has 
been expressed as [20]:  

 

𝜕ℎ =  𝛿𝑤 − 1 − 𝑠𝑖𝑛𝛼 ; for 𝛼𝑏 ≤ 𝛼 ≤ 𝛼𝑒 
 

(9) 

𝜕ℎ = 0; for 𝛼 < 𝛼𝑏 or 𝛼 > 𝛼𝑒 (10) 

 
Where, 𝛼𝑒 is angle at end of the footprint and 𝛼𝑏 
is angle at beginning. Their values are calculated 
by substituting equ. (10) into equ. (9), i.e., 
 

Sin 𝛼 = 𝛿𝑤 − 1. (11) 

 

For rigid circular bearing, 𝜕ℎ is wear defect value 
added to the fluid-film thickness and given below. 
 

 ℎ0 =  1 − 𝑋𝐽 cos 𝛼 − 𝑍𝐽  𝑠𝑖𝑛𝛼 

 
The fluid-film thickness for the worn segment, is 
calculated as below: 
 

ℎ =  ℎ0 + 𝜕ℎ (12) 

 
2.4 Boundary conditions 

 

The differential equation is solved by using 
necessary conditions known as boundary 
conditions. The equation no (2) also has some 
boundary conditions. For fluid flow analysis 
between the tribo-pair, the following boundary 
conditions have been used [32,33]. 
 

i) In circumferential direction, the pressure is 
periodic.  
 
p̅(α, β, t) = p̅(β, α +  2π, t)             (13a) 

 
ii) The pressure on the bearing sides/edges 

equals to the atmospheric pressure -  
 
p̅ (α, t, β = −1) = 
 
p̅(α, t, β = +1) = 1 

(13b) 

 
iii) Reynold’s boundary conditions given for a 

solution  
 
(p̅)α=0 = 0; (p̅)α =θ2 = 0; 
 
(∂p̅ / ∂α)α =θ2 = 0 

(13c) 

 
p̅ ≥  p̅cav;  β = −1 ≤ 𝑧 ≤ β = +1; 
 
in 0 ≤  α ≤  2π 
 

(13d) 
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In finite element method (FEM), the fluid film 
system equations are used to determine 
unknown nodal pressure, dynamic and static 
performance characteristics of bearing. The 
system equations have been established using 
above equations to get discretized solution 
domains.  
 
The static performance characteristic 
parameters such as minimum fluid-film 
thickness (ℎ̅𝑚𝑖𝑛), load carrying capacity (�̅�0), 
bearing flow (�̅�) etc. are computed at the 
steady state conditions of the journal. The 
pressure derivatives, with respect to journal 
displacement and velocity, have been used to 
calculate bearing rotodynamic coefficients.   
 
The present work describes relevant governing 
equations used for the analysis of CHJB system 
considering wear effect. The performance of 
CHJB without and with wear have been 
considered and analysis is carried out for 
conical angle of 10°, 20° and 30° cone angle. 
The maximum pressure generated at various 
eccentricity ratio have been analyzed along 
with the dynamic effect on stiffness and 
damping coefficient. 
 
2.5 Load carrying capacity  
 
The resultant component of external load acting 
on the journal of CHJB is resolved in radial and 
axial direction and given in Equation (14) and 
(15) respectively [34] 
 

Fr = F cos γ =  − ∫ ∫ p cos γ  dα dβ

2π

0

+λ

−λ

 (14) 

Fa = F sin γ = ∫ ∫ psin γ  dα dβ

2π

0

+λ

−λ

 
(15) 

 

The resultant radial component which acts at an 
angle ө, on the journal center, is again resolved in 
X and Z direction as given below 
 

Fxr = Fr cos ө ∫ ∫ p cosө cos γ  dα dβ

2π

0

+λ

−λ

 (16) 

Fzr = Fr sin ө ∫ ∫ p sinө cos γ dα dβ

2π

0

+λ

−λ

 
(17) 

2.6  Fluid film stiffness coefficients (𝑺𝒊,𝒋) and 

damping coefficients (𝑪𝒊,𝒋) 

 
The method of calculation of fluid-film stiffness 
coefficients and fluid-film damping coefficients is 
given below. 
 

 The stiffness is computed using following 
expressions.   

 

𝑆𝑖𝑗 = −
𝜕𝐹𝑖 

𝜕𝑋𝑗 
              (i,j =X,Z) (18) 

 

Where, j = displacement direction, i = direction of 
force. In the matrix form 
 

[
𝑆𝑋𝑋 𝑆𝑋𝑍

𝑆𝑍𝑋 𝑆𝑍𝑍
] =  −

[
 
 
 
 
 𝜕Fx

𝜕XJ

𝜕Fx

𝜕ZJ

𝜕Fz

𝜕XJ

𝜕Fz

𝜕ZJ ]
 
 
 
 
 

 (19) 

 

 The fluid-film damping coefficients are 
calculated by using Equation (20), 
 

𝐶𝑖𝑗 = −
𝜕𝐹𝑖 

𝜕�̅̇�𝑗 
, (i=x,z) 

 (20) 

 

where �̅̇�𝑗 is the velocity component of journal 

center (�̅̇�𝑗 = �̇�𝐽 , �̇�𝐽). The matrix form of fluid-film 

damping coefficients is given in Equation (21). 
 

[
𝐶𝑋𝑋 𝐶𝑋𝑍

𝐶𝑍𝑋 𝐶𝑍𝑍
] =  − [

𝜕Fx

𝜕�̇�𝐽

𝜕Fx

𝜕�̇�𝐽

𝜕Fz

𝜕�̇�𝐽

𝜕Fz

𝜕�̇�𝐽

]  (21) 

 

The calculation of fluid-film stiffness coefficients 
(Equ. 18) and fluid-film damping coefficients (Equ. 
20) needs derivatives of pressure w.r.t. journal 

center displacement q̅j = (𝑋𝐽 , 𝑍𝐽 ) and journal 

center velocity (�̅̇�𝑗 = �̇�𝐽 , �̇�𝐽) respectively.  

 
 
3. SOLUTION PROCEDURE 

 
The well-known finite element method is used to 
solve Reynold’s equation which governs the fluid 
flow at clearance space of tribo-pair. Considering 
the steady-state conditions of journal center 
coordinates, the bearing geometric and operating 
parameters are used to obtain the solution of Eq. 
(6). In the current study of CHJB, iterative method 
is used to compute the results as shown in Figure 7. 
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Fig. 7. Flow chart representing iterative solution 
procedure.  
 
The maximum pressure is calculated first by 
solving Reynold’s equation for fluid flow. Then, 
journal center equilibrium positions are checked, 
and at last, static and dynamic performance 
characteristics are calculated. To calculate the 
nodal pressure, Gaussian elimination technique is 
used, and the system equations are directly solved 
using specified boundary conditions. To establish 
the equilibrium journal center position, the solution 
of system equation has been obtained for 𝑖𝑡ℎjournal 
center position using the following equations: 
 

𝐹𝑋=0  and 𝐹𝑍−𝑊r =0 (22) 

 

The fluid-film reaction components 𝐹𝑋 and 𝐹𝑍,  
about 𝑖𝑡ℎ journal center position, are expanded 
using Taylor’s series. The variation in journal 
center positions are considered to be very 
small so the terms up to first order are kept in 
Taylor’s series expansion.   

The corrections (∆𝑋𝐽
𝑖
, ∆𝑍𝐽

𝑖
) on the journal center 

coordinates are obtained as 
 

∆𝑋𝐽
𝑖
= −

1

𝐷𝐽
[
𝜕𝐹𝑧

𝜕𝑍𝐽
|

𝑖

−
𝜕𝐹𝑥

𝜕𝑍𝐽
|

𝑖

] {
𝐹𝑥
𝑖

𝐹𝑧
𝑖
−𝑊𝑟

}, (23) 

∆�̅�𝐽
𝑖 = −

1

𝐷𝐽
[−
𝜕𝐹𝑧

𝜕𝑋𝐽
|

𝑖

 
𝜕𝐹𝑥

𝜕𝑋𝐽
|

𝑖

] {
𝐹𝑥
𝑖

𝐹𝑧
𝑖
−𝑊𝑟

}, 
(24) 

where, 

𝐷𝐽 = (
𝜕𝐹𝑥

𝜕𝑋𝐽
|

𝑖

.  
𝜕𝐹𝑧

𝜕𝑍𝐽
|

𝑖

− 
𝜕𝐹𝑥

𝜕𝑍𝐽
|

𝑖

.
𝜕𝐹𝑧

𝜕𝑋𝐽
|

𝑖

) (25) 

 

The journal center with co-ordinates (𝑋𝑗
𝑖+1
, 𝑍𝑗

𝑖+1
) 

at new position, is given in Equation (26, 27). 
 

 

where ∆𝑋𝑗
𝑖
 , ∆𝑍𝑗

𝑖
 represents 𝑖𝑡ℎ journal center 

coordinate position. To satisfy the criteria given 
in Equation (28), number of iterations are carried 
out to converge the solution.  
 

[
((∆𝑋𝐽

𝑖
)2 +(∆�̅�𝐽

𝑖)2 )1/2 

((𝑋𝐽
𝑖
)2 +(�̅�𝐽

𝑖)2 )1/2 
] × 100 ≤ 0.001 (28) 

 
3.1 Conical bearing dimensions 
 
The dimensions of conical hydrodynamic journal 
bearing are shown in Figure 8. 
 

 
Fig. 8. Conical hydrodynamic journal bearing with 
dimensions. 

𝑋𝐽
𝑖+1

= 𝑋𝐽
𝑖
+ ∆𝑋𝐽

𝑖
 (26) 

𝑍𝐽
𝑖+1

= 𝑍𝐽
𝑖
+ ∆𝑍𝐽

𝑖
 (27) 
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The analysis is conducted on CHJB with following 
specifications. The dimensions of fluid film 
conical hydrodynamic bearing are as follows: 
 
Table 1. Dimension of the conical hydrodynamic bearing. 

Sr.no Geometric Parameters Symbols Values 

1 Semi-cone angle γ 10⁰, 20⁰, 30⁰ 

2 Eccentricity Ratio ɛ = e/c 0.2- 0.7 

3 Clearance C 50 µm 

4 Aspect Ratio (λ) = L/D 1 

5 Mean diameter Dm 100 mm 

6 Wear depth parameter δw 25 µm 

 
 
4. RESULTS AND DISCUSSION 

 
In current work, CHJB performance 
characteristics with and without wear have been 
presented by varying eccentricity ratio (ε) = 0.2 
to 0.7 with semi-cone angle (α) = 10°, 20° and 
30°. Fortran-77 is used to develop computer 
code for computing CHJB performance 
characteristic. The behavioral pattern of CHJB is 
investigated using dynamic and static 
characteristics. To obtain characteristic results, 
a customized experimental setup of CHJB test rig 
with aspect ratio (λ = 1) and semi-cone angle (γ 
= 10°) bearing is as shown in Figure 9. 
 

 
Fig. 9. Conical hydrodynamic journal bearing test rig. 

 
The CHJB-test-rig measures distribution of 
pressure at specific points around the 
circumference of a unworn and worn conical 
journal bearing. It is shown in Figure 10. CHJB 
experimental procedure in the form of flow 
chart is as shown in Figure 11. 

 
Fig. 10. Sensor position on bearing. 

 

 
Fig. 11. Flow chart for experimental procedure of 
CHJB test rig.  
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Fig. 12. Validation of results for speed (N)= 1500rpm, 
radial load (𝑊𝑟) = 1500N & axial load (Wa) = 100N 
with analytical results. 
 

The pressure results obtained from experiments 
at various points have been corelated with the 
analytical values and is presented in Figure 12. 
 
4.1 Variation in maximum pressure (�̅�max) with 

change in eccentricity ratio (ɛ) due to wear 
 
Figure 13 indicates maximum pressure variation 
(�̅�max) against eccentricity ratio (ɛ) for worn and 
unworn bearings. Over a range of eccentricity 
ratio (ɛ) = 0.2 to 0.7, CHJB with semi cone angle 
(γ) = 10°, 20° and 30° have been shown.  
 

Fig. 13. Maximum Pressure developed (�̅�max) Vs 
Eccentricity ratio (ɛ). 

It is seen that as the (ɛ) is increased, (�̅�max) is 
increased for both worn and unworn bearings. 
However, (�̅�max) appeared to be lowered in case 
of worn bearing, it is because of the wear in the 
form of dimple configuration (i.e. change in 
surfaces) causes the lubricant to pore in worn 
part leading to reduce absorbing effect which 
results in reduced pressure in that area. Further, 
maximum pressure grows with expansion in 
semi cone angle, in both the worn and unworn 
cases. Nonetheless, semi cone angle (γ) = 30° 
unworn bearing indicate the greater maximum 
pressure among the various bearings. Hence, it 
is advisable to use the bearings at higher 
eccentricity ratio for given load. The percentage 
change in (�̅�max) at (ɛ) = 0.7, for unworn/worn 
conical hydrodynamic journal bearing with 
regards to (γ) = 10° unworn/worn bearing, has 
been marked in order of 14.33% and 40.70% for 
unworn semi cone angle (γ) = 20° and 30° 
bearings and 19.74% and 28.84% for worn semi 
cone angle (γ) = 20° and 30° bearings 
respectively. Further, the percentage change in 
(�̅�max), at (ɛ) = 0.7, for (γ) = 30° unworn and 
worn conical hydrodynamic journal bearing is 
found to be 167.49%. 
 

4.2 Wear impact on minimum fluid film 
thickness (�̅�min) 

 
Minimum fluid film thickness (ℎ̅min) change in 
relation to eccentricity ratio (ɛ) for three worn 
& unworn configuration of semi cone angle 
bearings (γ) = 10°, 20° and 30° have been 
depicted in Figure 14.  
 

Fig. 14. Minimum Fluid Film Thickness (ℎ̅min) Vs 
Eccentricity (ɛ). 
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Decreasing trend in (ℎ̅min) for worn and unworn 
cases have been noted for all semi cone angle 
bearings. However, (ℎ̅min) is found to be higher for 
all worn bearings compared to unworn bearings 
when operated at (ɛ) = 0.2 to 0.7. For both worn 
and unworn conditions, (ℎ̅min) decline with 
enlargement in semi cone angle. This is because 
of wedge formation effect due to journal speed 
and hence smallest clearance availability. Thus, it 
is suggested to operate the bearing at the lower 
eccentricity ratio to avoid tribo-pair contact. 
Semi cone angle (γ) = 10° indicate the higher 
(ℎ̅min) in case of worn and unworn bearings. 
However, (γ) = 10° worn hydrodynamic conical 
journal bearing show the greater (ℎ̅min). At (ɛ) = 
0.7, the change in percentage of (ℎ̅min) for 
respective worn and unworn cases in relation to 
(γ) = 10° CHJB is noted as 6.05% and 14.39% for 
unworn semi cone angle (γ) = 20° and 30° 
bearings and 3.29% and 9.54% with worn semi 
cone angle (γ) = 20° and 30° bearings 
respectively. Moreover, change in percentage of 
(γ) = 10° worn and unworn conical bearing for 
(ℎ̅min) is noted as 26.89%. 
 
4.3 Wear impact on direct fluid film stiffness 

( �̅�11) 
 
Change in fluid film stiffness ( �̅�11) for variation 
in eccentricity ratio (ɛ) = 0.2 to 0.7 for worn and 
unworn semi cone angle bearings (γ) = 10° to 
30° have been demonstrated in Figure 15.  
 

 
Fig. 15. Stiffness coefficient ( �̅�11) Vs Eccentricity (ɛ). 

 
The minimal increase in stiffness, for worn and 
unworn cases, is observed when the (ɛ) is extended 
up to 0.7. Higher the semi cone angle higher is the 

stiffness for both the cases of bearings. However, 
unworn conical bearings show higher stiffness as 
compared to its counterpart. It is clear from the 
figure that unworn semi cone angle bearing (γ) = 
30° indicate larger fluid film stiffness. It is observed 
from the figure that the curves, for unworn bearing 
(γ) = 20° and 30° for (ɛ) = 0.5 to 0.7, are wavy in 
nature, it appears that the decreasing stiffness may 
lead to tribo-pair contact beyond (ɛ) = 0.7. The 
percentage variation in (S11) at (ɛ) = 0.7 for 
respective unworn and worn conical bearing with 
regards to (γ) = 10° semi cone angle CHJB is 
observed in order of 41.70 % and 103.77 % for 
unworn and 30.24% and 92.82% for worn CHJB 
related to semi cone angle bearings (γ) = 20° and 
30° respectively. Also, variation in percentage of 
( �̅�11) for (γ) = 30° unworn bearing with regards to 
(γ) = 30° worn bearing is found to be 62.0 %. 
 
4.4 Wear impact on direct fluid film stiffness 

( �̅�22) 
 

Figure 16 indicates the change in fluid film 
stiffness ( �̅�22) in the direction orthogonal to the 
journal rotation with respect to eccentricity ratio 
(ɛ) varying from 0.2 to 0.7 for worn and unworn 
semi cone angle bearings (γ) = 10° to 30°. Stiffness 
is gradually increasing for worn and unworn 
conical bearings. However, sudden increase in 
stiffness for unworn semi cone angle bearings (γ) 
= 20° and 30° for eccentricity ratio (ɛ) =0.6 to 0.7 
have been noticed. This may be attributed to the 
better stiffness in orthogonal direction as 
compared to journal rotation direction. Hence, it is 
advisable to operate bearings at eccentricity ratio 
(ɛ) varying from 0.6 to 0.7. 
 

 
Fig. 16. Stiffness coefficient ( �̅�22) Vs Eccentricity (ɛ). 
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The fluid film stiffness ( �̅�22) is higher in 
unworn case as compared to worn case. 
Moreover, (γ) = 30° semi cone angle bearing 
indicate the highest bearing stiffness among 
the others. The percentage variation in ( �̅�22) at 
(ɛ) = 0.7 for respective unworn and worn 
conical bearing with regards to (γ) = 10° semi 
cone angle bearing is observed as 310.63 % 
and 503.63 % for unworn and 30.56% and 
81.0% for worn bearing related to semi cone 
angle bearings (γ) = 20° and 30° respectively. 
However, variation in percentage of ( �̅�22) for 
(γ) = 30° unworn bearing with regards to (γ) = 
30° worn bearing is found to be 80.88 %. 
 
4.5 Wear impact on direct damping coefficient 

( �̅�11) 
 
Figure 17 depict the impact of eccentricity ratio 
(ɛ) = 0.2 to 0.7 on Damping coefficient ( �̅�11) for 
worn and unworn semi cone angle bearings (γ) 
= 10° to 30°. It is interesting to see the wavy 
nature of the fluid film damping, this wavy 
nature may be because of varying equilibrium 
position because of change in eccentricity ratio 
due to change in journal speed.  
 

 

Fig. 17. Damping coefficient ( �̅�11) Vs Eccentricity (ɛ) 

 
The damping coefficient falls suddenly when 
eccentricity increases beyond 0.6 up to 0.7, this 
is because stiffness increases suddenly in the 
direction orthogonal to journal rotation. 
Damping for unworn bearings are higher than 
the damping for worn bearings. However, the 
exact opposite behaviour for these bearings 
have been noticed when the eccentricity ratio 
approaches (ɛ) = 0.7. 

Hence, the designer may decide to make the 
worn or unworn bearing operating for 
eccentricity ratio beyond or before (ɛ) = 0.6. 
The percentage variation in ( �̅�11) at (ɛ) = 0.6 
for respective unworn and worn conical 
bearing with regards to (γ) = 10° semi cone 
angle bearing is observed as 30.44% and 
87.99% for unworn and 70.93% and 78.70% 
for worn bearing related to semi cone angle 
bearings (γ) = 20° and 30° respectively. 
However, percentage variation in ( �̅�11) for (γ) 
= 30° unworn bearing with regards to (γ) = 30° 
worn bearing is found to be 52.98 %. 
 
 
4.6 Wear impact on direct damping coefficient 

( �̅�22) 
 
Figure 18 indicates the variation of damping 
coefficient ( �̅�22) in relation to eccentricity ratio 
(ɛ). The eccentricity ratio varies from (ɛ) = 0.2 
to 0.7 for worn and unworn semi cone angle 
bearings (γ) = 10° to 30°. Damping coefficient 
( �̅�22) improves with enlargement in 
eccentricity ratio (ɛ) in case of both worn and 
unworn bearing.  
 

 

Fig. 18. Damping coefficient ( �̅�22) Vs Eccentricity (ɛ) 

 
It is noticed that the damping for unworn 
bearing is higher as compared to worn bearing. 
However, (γ) = 30° semi cone bearing indicate 
the highest damping performance among the 
others. Further, the unworn bearings are 
suddenly tending to increase the damping as 
the eccentricity ratio is approached to (ɛ) = 0.7. 
Moreover, the damping ( �̅�22) in a direction 
perpendicular the direction of journal rotation 
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appeared to be higher in comparison to 
damping ( �̅�11). The percentage variation in 
(C22) at (ɛ) = 0.7 for respective unworn and 
worn conical bearing with reference to (γ) = 
10° semi cone angle is noticed to be 22.79% and 
68.02% for unworn and 27.28% and 212.44% 
for worn bearing related to semi cone angle 
bearings (γ) = 20° and 30° respectively. 
However, variation in percentage of ( �̅�22) for 
(γ) = 30° unworn bearing with reference to (γ) 
= 30° worn bearing is found to be 11.97%. 
 
 
5. CONCLUSION 

 
The outcomes of this work are summarized as 
follows.  
 
 Bearing maximum pressure (�̅�max) for worn 

and unworn cases have been noticed to 
increase as the eccentricity is increased and 
found maximum at eccentricity ratio (ɛ) = 
0.7. However, reduced maximum pressure is 
observed in worn bearings compared to 
unworn bearings. Whereas minimum fluid 
film thickness is significant for worn bearing 
where (γ) = 10° indicate higher ℎ̅min. Hence 
�̅�max is more and better in unworn bearing 
whereas ℎ̅min is better in worn bearing. 

 Fluid film stiffness ( �̅�11) for unworn bearing 
in the direction of journal rotation appeared 
to be higher for eccentricity ratio (ɛ) up to 
0.6 and it is higher in the direction 
perpendicular to the journal rotation ( �̅�22) 
for eccentricity ratio (ɛ) = 0.6 to 0.7. 
Therefore, fluid film stiffness is better in 
case of unworn bearing. The performance of 
unworn bearing from stiffness point of view 
for semi cone angle (γ) = 30° is good. It will 
be useful to bearing designer. 
 

 Fluid film damping ( �̅�11) performance 
observed to be promising in case of unworn 
bearing up to eccentricity (ɛ) = 0.6 and its 
good even after eccentricity (ɛ) = 0.6 for worn 
bearing. The damping performance, in the 
orthogonal direction to the journal rotation 
( �̅�22), is good at higher eccentricity ratio for 
both worn and unworn bearings. Hence, from 
damping point of view, unworn conical journal 
bearing with semi cone angle (γ) = 30° for 
eccentricity ratio up to (ɛ) = 0.6, will be more 
useful for better bearing performance. 

The comparative performance of worn and 
unworn bearing indicate that unworn bearing 
performance is better. From this work, it is also 
suggested that unworn bearing with eccentricity 
ratio up to 0.6 is good for use. When eccentricity 
ratio increases beyond 0.6 there is sudden 
increase in stiffness and sudden decrease in 
damping coefficient which is not good for 
bearing life. The results of the current work will 
be helpful to predict the characteristics and life 
of conical hydrodynamic journal bearing 
considering abrasive wear effect because of 
repeated start-stop operation. The present 
study will be helpful where conical bearings are 
used in case of pumps in power generation plant, 
chemical processing plant, oil and gas plants. 
Further, the application of CHJB is also observed 
in large turbine, compressor, and generator, etc. 
It is also found that the conical bearings are used 
in case of blood flow pump. The study may be 
elaborated by considering thermal effect on the 
Conical Hydrodynamic Journal Bearing and, 
with other wear sub-parameters as a future 
research direction. 
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NOMENCLATURE 
 

Cij Damping coefficient (i, j = 1,2) 
(Ns/m) 

cr Radial clearance (µm) 

cr/Rj Clearance ratio 

D Mean diameter of bearing (mm) 

d Mean diameter of journal (mm)  

e  Eccentricity, mm (𝑒2 = 𝑥2 + 𝑧2) 

h fluid film thickness at clearance space 
(mm) 

ℎ𝑚𝑖𝑛  Minimum fluid film thickness at 
clearance space. (mm)  

L  Bearing length, mm  

O1, O2 Bearing and journal centre position. 

p  Fluid film pressure in clearance space 
(MPa)  

𝑝𝑚𝑎𝑥  Maximum fluid film pressure in 
clearance space (MPa)  

𝑝𝑠  supply pressure (MPa)  

R1  Minimum journal radius (mm)  

R2  Maximum journal radius (mm)  

Rb  Mean bearing radius (mm)  

Rj  Mean journal radius (mm)  

Sij Fluid film stiffness coefficient (i, j = 
1,2) (Ns/m) 

t  Time (sec)  

v Relative velocity of journal (m/s) 

W  external load acting on bearing (N)  

Wa  Axial load acting on bearing (N)  

𝑊𝑟  Radial load acting on bearing (N)  

X, Y, Z  Cartesian coordinates of bearing (mm)  

x, z  Horizontal, vertical journal 
eccentricity (mm)  

XJ, ZJ  Coordinates of steady-state 
equilibrium journal centre from 
geometric centre of bearing (mm) 

Xj, Zj  Journal centre displacement (mm) 

 

 
NON-DIMENSIONAL & OTHER PARAMETERS 
 

 �̅�11,  �̅�22 Damping coefficient  

Fr , Fa Resultant radial and axial 
component of external loads 
acting on the journal of CHJB  

Fxr , Fzr Resultant radial component in X 
and Z direction. 

𝐹𝑋 , 𝐹𝑍. Expanded Taylor’s series about 
𝑖𝑡ℎ journal center position 

ℎ̅min Minimum fluid film thickness 
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�̅�max Maximum fluid film pressure 

 q̅j Journal centre displacement 

q̅j = (𝑋𝐽 , 𝑍𝐽 )  

 �̅̇�𝑗 Journal centre velocity (�̅̇�𝑗 =

�̇�𝐽 , �̇�𝐽)  

 �̅�11,  �̅�22 Fluid film stiffness coefficient 

𝑊r Radial load 

𝑋𝑗
𝑖+1
, 𝑍𝑗
𝑖+1

 New journal centre position co-
ordinates  

∆𝑋𝑗
𝑖
 , ∆𝑍𝑗

𝑖
 

Coordinates of the 𝑖𝑡ℎ journal 
centre position 

δ̅w Wear depth parameter 

[�̅�] Assembled Fluidity Matrix 

{�̅�} Nodal pressure Vector 

{�̅�} Nodal Flow Vector 

{�̅�𝐻} Column Vectors due to 
hydrodynamic terms 

{�̅�𝑋𝐽} , {�̅�𝑍𝐽}  
Global right hand side vectors 
due to journal center linear   
velocities.  

 
 

GREEK SYMBOLS 
 

α  circumferential coordinate 
(ϕ)(rad)  

β  axial coordinate (rsinγ/Rj)  

γ  semi-cone angles  

𝜉, 𝜂 Local coordinate system for shape 
function 

δ, δw Wear depth parameter, µm 

δo  Max. wear depth, µm 

ε  Journal eccentricity ratio (e /cr)  

r, ѳ, ɸ Spherical coordinates (mm, rad) 
(Ɵ=γ) 

ʎ Aspect ratio (L/D) 

µ Lubricating fluid absolute or 
dynamic viscosity (Ns/m2) 

µr Dynamic viscosity at reference 
inlet temperature and atmospheric 
pressure (Ns/m2) 

ρ Mass density of lubricating fluid 
(kg/m3) 

ᵠ Attitude angle (rad) 

ω Journal angular velocity (rad/s) 

Ω Speed parameter ω(µRj2/c2rps) 

 


